We present an experimental and theoretical study of phase-dependent interference effects in multiphoton excitation under bichromatic radio-frequency (rf) field. Using an intense rf pulse, we study the interference between the three-photon and one-photon transition between the Zeeman sublevels of the ground state of 87 Rb that allows us to determine the carrier-envelope phase of the fields even for long pulses.
I. INTRODUCTION
Modern lasers can produce ultra-short intense pulses with only a few cycles of carrier oscillation [1] . The carrier-envelope phase (CEP) strongly affects many processes involving few-cycle pulses. In particular, CEP effects on high-harmonic generation [2] , strong-field photoionization [3] , the ionization of Rydberg atoms [4] , the dissociation of HD + and H + 2 [5] , and the injected photocurrent in semiconductors [6] , have been demonstrated by few-cycle pulses. A stabilized and adjustable CEP is important for applications such as optical frequency combs [7] and quantum control [8] [9] [10] . The frequency dependence of the CEP effect on bound-bound transitions has been studied theoretically and experimentally in Rb [11] and numerically in Helium interacting with an ultrashort laser pulse of a few cycles [12] .
Several techniques have been developed to control the CEP of femtosecond pulses [13, 14] .
A crucial step in attaining this control is measuring the CEP to provide feedback to the laser system. Promising approaches use, for instance, photoionization [15, 16] and quantum interference in semiconductors [6] . While the measurement and control of the CEP is well established for few-cycle laser systems, it is entirely absent for high-power, many-cycle lasers.
Recently, a method has been presented for the measurement of the absolute CEP of a high-power, many-cycle driving pulse, by measuring the variation of the XUV spectrum by applying the interferometric polarization gating technique to such pulses [17] .
In this paper, we have studied the CEP effects in the population transfer between two bound atomic states interacting with pulses consisting of many cycles in contrast with fewcycle pulses [11] . For our experiment, we use intense rf pulses interacting with the magnetic Zeeman sub-levels of rubidium (Rb) atoms. We have found that, for long pulses consisting two frequencies [see Fig. 1 ], the CEP of the pulse strongly affects that transfer. The physics of the effect is the following. Excitation of upper level [see Fig. 1 ] is created by two path: 1) three-photon excitation by the field of frequency ν 1 and 2) one-photon excitation by the field of frequency ν 2 . The amplitude of excitation for each of paths depends on the phase of the field. As a result, the level of excitation depends on phases of the fields. It is worth noting here that our scheme has no limitation on the duration of pulses.
II. EXPERIMENT A. Experimental Setup
The experimental setup is schematically shown in Fig. 2(a) [18] . In our experiment the function generator was programmed to provide multi-cycle bichromatic pulses with controllable parameters, such as the pulse duration, CEPs and the amplitudes of the two carrier frequencies.
The energy level scheme for 87 Rb is shown in Fig. 3(b) . The ground state has three sub-levels; a right-circularly polarized laser pulse optically pumps the system and drives the atoms to the sub-level |5 2 S 1/2 ; F = 1, m F = 1 . This is followed by the bichromatic rf pulse, which excites the atoms to the sub-levels |5 2 S 1/2 ; F = 1, m F = −1, 0 . The population in these sub-levels is subsequently determined by measuring the transmission of a weak right-circularly polarized probe pulse. To determine the population transfer due to the rf excitation, the experiment is performed with a sequence of laser pulses with a rf pulse followed by a sequence of laser pulses without rf pulse. For the transmitted probe pulse, intensity is given by I 1 = I 0 ηe N σLPa , where I 0 is the probe pulse input intensity, η is the F=1,m =0 Atomic transition frequency ω = 150kHz.
factor due to dephasing, N is the atomic density, σ is the absorption cross-section, L is the cell length and P a is the population of the upper levels due to rf excitation. For the second sequence , in which there is no rf excitation, the transmitted probe pulse intensity is given by I 2 = I 0 η. Therefore, the population due to rf excitation is given by the quantity
The time sequence of the laser pulses and the rf pulse is shown in Fig. 2(b) . The sequence of the laser pulse includes a 1.0 ms strong pulse to optically pump the atoms and a 2µs weak pulse (delayed 330 µs) to probe the populations of the upper Zeeman sub-levels.
The bichromatic rf pulse is delayed by 165µs with respect to the optical-pumping laser and its duration, T (full width at half maximum, FWHM), is 130 µs. The transmitted intensity of the probe pulse is monitored by a fast photodiode.
B. Experimental Results
In Fig. 3 mid 50's and he showed that if resonance transitions are induced by a perturbation at one frequency, then the presence of the other perturbations at non-resonant frequencies alters the resonance frequency of the first perturbations. Bloch-Siegert shift [21] is a special case of this general phenomena. We could see that in case of the two central frequency pulse, the shift is less and peak is close to ω = 150kHz. In this paper we investigated the phase dependent peak 2 b by varying the phase of φ 150 while keeping the phase φ 50 = 0. In our experiment we controlled the Zeeman splitting by tuning the longitudinal magnetic field applied along the laser (as shown in Fig 3(b) lower block) and keeping the frequencies of the rf pulse intact.
The main result of the experiment is shown in Fig. 4 . In Fig. 4 , we have shown the transmission profile of the weak optical probe field (which measure the populations of the upper Zeeman sub-levels) as function of the Zeeman-splitting. Interestingly we see a single peak 2 α for φ 150 = φ 50 = 0 and two well defined peaks 2 α and 2 β when the phase φ 150 = 2π/3.
Existence of the second peak can be clearly observed around φ 150 = π/3. When the two frequency components are completely out of phase, the first peaks disappears and we have the single peak 2 β . Thus in the interval 0 ≤ φ 150 ≤ π, the profile of probe transmission 
III. THEORY
The Hamiltonian for an atomic state with F=1 in a magnetic field B = (B x , B y , B z ) is
given by
where g = −1/2 is the Lande factor for this Rb state, µ 0 is the Bohr magneton, the B z = B 0 is the static magnetic field that is chosen in the direction of the z-axis; the B x and B y are the transverse components driven by a function generator. The linearly-polarized bichromatic magnetic field is given as,
where α = (2 √ ln2)/T and T is the FWHM duration of the pulse and B y = 0. For the magnetic dipole transition, the relaxation due to atomic motion is the most important. The density matrix equations is given bẏ
where H is given by Eq. (1), Γ quantifies the relaxation process due to atomic motion and ρ 0 is the thermal equilibrium density matrix of the atoms in the cell without the optical and RF fields. For simple explanation we will consider only two levels coupled by the bichromatic field and neglect any type of relaxation. The Rabi frequency is given by
where
The equation of motions for the probability amplitudes C a and C b are given by,Ċ
Let us consider the perturbative approach C b (t) ∼ = 1. We look for a solution of the form
a (∞), where the first term is given by
The second term can be found as
Here C
a (∞) and C
a (∞) quantifies the probability of one-photon and three-photon absorption. Using simple algebra we can find C (1)
and the second term can be found as Combining Eq. (9) and Eq. (8) we obtain
The amplitude |C a (∞)| depends on the phases φ 1 and φ 2 as is clearly seen from Eq.(10), and as is shown in Fig. 5(b) . Let us underline here that the range of frequencies where this interference occurred depends on the parameter α related to the pulse duration, but the effect of interference does not depend on α. Thus our scheme has no limitation on the duration of pulses.
IV. CONCLUSION
In conclusion, for our experiment, we use intense rf pulses interacting with the magnetic Zeeman sub-levels of rubidium (Rb) atoms, we have experimentally and theoretically shown the CEP effects in the population transfer between two bound atomic states interacting with pulses consisting of many cycles (up to 15 cycles) of the field. We have found that, for long pulses consisting two carrier frequencies, the CEP of the pulses strongly affects that transfer. The significance of our experiment is that it provides the insight of CEP effect in a new regime. Our study in the RF domain suggests new experiments with bound states and laser pulses in the optical domain that furnishes another way to measure the CEP.
Furthermore, the observed phase dependent excitation, as a result of the interference between one-and three-photon transitions [6, 19] , is important to quantum-control experiments [8] [9] [10] . Our experiment provides a unique system serving as an experimental model for studying ultrashort optical pulses.The obtained results may be easily extended to optical experiments. 
